Abstract. Motivated by the Hodgkin-Huxley model of neuronal dynamics, we study explicit numerical integrators for "conditionally linear" systems of ordinary differential equations. We show that splitting and composition methods, when applied to the Van der Pol oscillator and to the Hodgkin-Huxley model, do a better job of preserving limit cycles of these systems for large time steps, compared with the "Euler-type" methods (including Euler's method, exponential Euler, and semi-implicit Euler) commonly used in computational neuroscience, with no increase in computational cost. These limit cycles are important to preserve, due to their role in neuronal spiking. The second-order Strang splitting method is seen to perform especially well across a range of non-stiff and stiff dynamics.
Introduction
This paper is concerned with the numerical integration of conditionally linear systems of ordinary differential equations (ODEs) in R d , which are systems of the form
where a i , b i are real-valued functions depending only on x j for j = i. These systems have the defining property that, if all x j with j = i are stationary, then x i satisfies a first-order linear ODE with constant coefficients.
1
Our motivation comes from neuronal dynamics, where "conditional linearity is a fairly generic property of nonlinear neuronal models" (Mascagni and Sherman [15] ). Since these models are nonlinear, computational neuroscientists must use numerical simulation to study the dynamical behavior of individual model neurons, as well as networks of such neurons. We will focus in particular on the model of Hodgkin and Huxley [12] , which is one of the most well-known and widely-used biological neuron models.
To simulate (1) as efficiently as possible, one wishes to minimize the number of evaluations of the nonlinear functions a i and b i . (This becomes especially important when d is large, as is the case for large biological neural networks.) It is therefore desirable to use an explicit numerical integrator that allows for large time step sizes while still producing sufficiently accurate dynamics. One of the main obstacles to doing so is stiffness: when a i is a large negative number, a traditional explicit Runge-Kutta method (like Euler's method) becomes numerically unstable unless the time step size is very small. For this reason, various authors have proposed using explicit methods designed for stiff systems, such as exponential integrators and semi-implicit integrators; Börgers and Nectow [1] note that such integrators remain stable for much larger time step sizes when simulating Hodgkin-Huxley neurons, on the order of 1 ms, whereas traditional methods require time step sizes on the order of 0.01 ms.
(They also present numerical evidence that " [a] daptive time-stepping is of questionable use" when simulating networks of neurons [1, Section 7] , so the ability to take large time steps is the major arbiter of numerical efficiency.)
However, there is another obstacle to taking large time step sizes, having to do with preserving the qualitative dynamics of neuronal spiking in the Hodgkin-Huxley model. When the input current into a neuron is low, the membrane voltage is attracted to a resting equilibrium; however, when the input current exceeds a threshold, the voltage begins rapidly rising and falling periodically. These voltage spikes, called action potentials, are the mechanism by which neurons send signals to one another. From a dynamical systems point of view, this corresponds to a bifurcation: the "resting" fixed point becomes unstable, and the system is attracted to a stable "spiking" limit cycle lying on a two-dimensional center manifold (Hassard [9] , Izhikevich [13] ). In order to simulate these dynamics faithfully and efficiently, it is therefore desirable that a numerical integrator be able to preserve these limit cycles at large time step sizes. Yet, Euler's method does a poor job of preserving limit cycles in nonlinear dynamical systems, even for simple systems like the Van der Pol oscillator, unless one takes very small time steps-even smaller than one would need for numerical stability (Hairer and Lubich [5] ).
In this paper, we investigate this problem of limit cycle preservation. We show that the exponential Euler and semi-implicit Euler (SI Euler) methods, while superior to the traditional Euler method in terms of stability, have the same fundamental problem of non-preservation of limit cycles. We introduce a new family of splitting and composition methods specifically designed for conditionally linear systems. These methods are just as efficient as the exponential and SI Euler methods, with comparable stability behavior, but they do much better at preserving limit cycles. These properties are demonstrated both theoretically (using backward error analysis) and numerically for the Van der Pol oscillator, and numerically for the Hodgkin-Huxley model neuron. In particular, a Strang splitting method emerges as the best performer among all the methods considered.
Numerical integrators for conditionally linear systems
2.1. Preliminaries. All of the numerical integrators that we consider, old and new, are based on the fact that linear ODEs with constant coefficients can be solved exactly in closed form. That is,ẋ = ax + b has the time-h flow given by the explicit formula x(t + h) = exp(ha)x(t) + exp(ha) − 1 ha hb.
Here, z → (exp z − 1)/z actually means the entire function obtained by removing the singularity at z = 0, taking 0 → 1. (This is sometimes called the "relative error exponential" and is implemented in many numerical libraries as exprel.)
In fact, we can also explicitly compute the flow of any Runge-Kutta method applied to this ODE-even an implicit Runge-Kutta method-by replacing the exponential function above with the stability function z → r(z). For instance, Euler's method has stability function r(z) = 1 + z, so the time-h flow map taking x n → x n+1 is given by
More interesting is the backward Euler method, with r(z) = 1/(1 − z); while an implicit method for nonlinear ODEs, in this case it admits the explicit formula
which rearranges to the more familiar expression,
For splitting/composition methods, it can sometimes be desirable to compute an approximate flow, even when the exact flow is computable. For example, the IMEX method for highlyoscillatory problems (Stern and Grinspun [21] , McLachlan and Stern [18] ) uses the midpoint method instead of the exact flow of a harmonic oscillator, and the Boris method for charged particle dynamics uses the midpoint method instead of the exact flow of the magnetic field (Hairer and Lubich [6, Eq. 1.4]).
As mentioned in the introduction, the defining property of a conditionally linear system (1) is that, if all x j with j = i are stationary, then x i satisfies a first-order linear ODE with constant coefficients. We now introduce some notation to help formalize this. Write (1) aṡ x = f (x), where f : R d → R d is the vector field with components
Since f (i) holds x j stationary for j = i, it follows that this flow can be written in closed form as
(Here, we use ϕ
h,j to denote the jth component of ϕ
h .) Following the discussion above, we might instead approximate ϕ h , e.g., by applying a Runge-Kutta method to f (i) with time step size h, in which case we would simply replace the exponential function in this formula by the stability function of the method. Note that we may use a different Runge-Kutta method (or the exact flow) for each i = 1, . . . , d.
We have therefore decomposed the vector field f we wish to integrate as
Due to conditional linearity, we may integrate each f (i) exactly-or with an arbitrary, possibly-implicit Runge-Kutta method-with only a single evaluation of each of the nonlinear functions a i , b i . The motivating idea, for all of the methods considered below, is to combine these flows in such a way as to approximate the flow of f . 
where each Φ
h is either an exact or approximate time-h flow for f (i) . More explicitly, this flow has the form
where
is either the exponential function or an approximate exponential (e.g., the stability function of a Runge-Kutta method, a Padé approximant, etc.).
The key feature of these methods is that the nonlinear functions a i , b i are only evaluated at x n when advancing x n → x n+1 . In other words, all of the components are stepped forward in parallel.
Example 2.2 (Euler's method). Suppose Φ (i)
h is Euler's method applied to f (i) with time step size h, for i = 1, . . . , d. Then (2) becomes
which is just Euler's method applied to f .
Example 2.3 (exponential Euler method). Suppose Φ
h is the exact time-h flow of f (i) , for i = 1, . . . , d. Then (2) becomes
This is the exponential Euler method.
Example 2.4 (SI Euler method). Suppose Φ (i)
h is the backward Euler method applied to f (i) with time step size h, for i = 1, . . . , d. Then (2) becomes
which can also be written as
This is the semi-implicit Euler (or SI Euler ) method.
All of these methods have order 1, and all reduce to Euler's method in the special case that a i = 0 for all i = 1, . . . , d.
2.3.
Splitting and composition methods. Before introducing the particular splitting and composition methods that we propose for conditionally linear systems, we briefly review what these classes of methods are, in general. For more on the general theory and application of such methods, we refer the interested reader to the survey by McLachlan and Quispel [17] .
A splitting method, for an arbitrary dynamical systemẋ = f (x), is based on the idea of decomposing (or "splitting") the vector field f into a sum of vector fields f = f (1) + · · · + f (m) and approximating the time-h flow of f by a composition of flows of the f (i) . (Here, f need not be conditionally linear, and it might even be a vector field on a manifold.) For example, if f = f (1) + f (2) , one might approximate the time-h flow of f by either of
(One may also interchange ϕ (1) and ϕ (2) , but we prefer to think of that as corresponding to the alternative splitting of f that interchanges f (1) and f (2) .) The first of these, called the Lie-Trotter splitting (Trotter [25] ) approximates the flow of f with order 1; the second, known as the Strang splitting (Strang [23] ), approximates it with order 2. Although it appears that the Strang splitting requires more function evaluations than the Lie-Trotter splitting, note that we may use the semigroup property ϕ
Therefore, with the exception of the first and last step, both methods simply alternate between the flows of f (1) and f (2) and thus have essentially the same computational cost. It is also possible to construct even higher-order splitting methods, by alternating several times between fractional steps of ϕ (1) and ϕ (2) , as in the methods of Yoshida [27] and Suzuki [24] . Composition methods are just like splitting methods, except that the flow of f (i) may be replaced by an approximate flow. Unlike exact flows, approximate flows do not generally form a one-parameter group (or semigroup). This motivates the following definitions, which will prepare us to discuss symmetric compositions of approximate flows, analogous to the Strang splitting method. Definition 2.5. The adjoint of an approximate flow Φ h is defined to be Φ * h := Φ −1 −h . We say that Φ h is symmetric if it is its own adjoint.
Remark 2.6. If a Runge-Kutta method has the stability function r, then its adjoint method has the stability function r * (z) = 1/r(−z).
Here are a few illustrative examples:
• If ϕ h is the exact time-h flow of a vector field, then the group property ϕ h • ϕ −h = id implies that ϕ h is symmetric.
• If Φ h is Euler's method, then Φ * h is the backward Euler method. The symmetric methods Φ * h/2 • Φ h/2 and Φ h/2 • Φ * h/2 are the trapezoid and midpoint methods, respectively.
•
h is the Lie-Trotter splitting method, then Φ * h = ϕ
h is the Lie-Trotter method for the splitting with f (1) and f (2) interchanged. The symmetric methods Φ * h/2 • Φ h/2 and Φ h/2 • Φ * h/2 are the Strang splitting methods for the original splitting and for the splitting with f (1) and f (2) interchanged, respectively.
For instance, given a splitting f = f (1) + f (2) , we may consider the composition methods
which are the composition-method generalizations of the Lie-Trotter and Strang splitting methods, respectively. (We recover precisely these splitting methods in the special case where we take Φ (1) = ϕ (1) and Φ (2) = ϕ (2) to be the exact flows.) In particular, the first composition method has order 1, while the second is symmetric and has order 2. As with splitting methods, one may construct higher-order (symmetric) composition methods by alternating several fractional steps of these approximate flows (McLachlan [16] ). Before returning to conditionally linear systems, we finally note that for f = f (1) +· · ·+f (m) with arbitrary m, we may generalize the Lie-Trotter and Strang splitting and composition methods above by the following:
Again, the first of these has order 1, while the second is symmetric and has order 2. For more on these splitting and composition methods and their higher-order generalizations, we again refer the reader to the survey by McLachlan and Quispel [17] .
Definition 2.7. Given a conditionally linear system (1), we consider both the non-symmetric composition method
and the symmetric composition method
h is either an exact or approximate time-h flow for f (i) . We call these splitting methods when all of the Φ 
, which is an exact or approximate exponential. As in Remark 2.6, its adjoint Φ
Remark 2.9. In the special case where the flows Φ
h commute, the non-symmetric splitting method is identical to the corresponding Euler-type method. (This is true, for instance, if a i , b i are constants.) In this case, the symmetric splitting method is similarly identical to the Euler-type method Φ h,i = (Φ
We now give examples of these methods in the d = 2 case, i.e.,
Here, we have made explicit in the notation that a 1 , b 1 depend only on x 2 and a 2 , b 2 depend only on x 1 . Example 2.10 (symplectic Euler and Störmer/Verlet methods). Suppose we take Φ (1) h to be the time-h flow of Euler's method and Φ (2) h to be the time-h flow of the backward Euler method.
The non-symmetric composition method can be written as the algorithm
This is an order-1 partitioned Runge-Kutta method known as the symplectic Euler method (since its flow is symplectic when applied to Hamiltonian systems). Note that this is actually an explicit method, since the first step only requires solving a linear equation for x n+1 2 , as with the SI Euler method.
The symmetric composition method can be written as the algorithm
) ,
) .
Note that the second and third steps can be combined, yielding
i.e., we use the fact that Φ
h/2 is the time-h flow of the trapezoid method for f (1) . This is an order-2 symplectic partitioned Runge-Kutta method known as the Störmer/Verlet (or leapfrog) method. As with the non-symmetric composition, this is actually an explicit method, since we need only solve linear equations for x n+1/2 2 and x n+1 1 .
Example 2.11 (splitting methods). Suppose we take Φ
(1)
h to be the exact time-h flows of f (1) and f (2) , respectively.
The non-symmetric splitting method is
and the symmetric splitting method is
),
).
As previously stated, the non-symmetric splitting method has order 1, whereas the symmetric splitting method has order 2.
Note that all of the non-symmetric methods (and all of the symmetric methods) agree in the special case where a i = 0 for i = 1, . . . , d. For example, when d = 2 and a 1 = a 2 = 0, the non-symmetric methods all reduce to symplectic Euler, while the symmetric methods all reduce to Störmer/Verlet.
2.4.
Combining Euler-type and splitting/composition methods. We briefly discuss a generalization that includes both Euler-type and splitting/composition methods, as well as methods combining aspects of each. The idea is to partition the components {1, . . . , d} and to apply an Euler-type method across partitions while using a splitting/composition method within each partition. We will not analyze these generalized methods in this paper, but we mention them due to their parallel-implementation advantages when d is large.
Let 0 = i 0 < · · · < i k = d, where each i j is an integer. This partitions {1, . . . , d} into the k subsets {i j−1 + 1, . . . , i j }. We may then consider the non-symmetric method
This is an Euler-type method in the special case when we partition into d subsets of size 1, and it is a non-symmetric composition method when we partition into 1 subset of size d. Likewise, we may consider
which is (respectively) an Euler-type method or a symmetric composition method in the two special cases mentioned above. While splitting and composition methods have desirable structure-preserving properties (as we will see in the subsequent sections), one disadvantage, compared to Euler-type methods, is that the flows must be evaluated in series rather than in parallel. When d is large, it may be computationally infeasible to do this. The generalization above is a compromise that allows one to partition each step into k pieces that may be computed in parallel. For example, one might simulate a network of k Hodgkin-Huxley neurons in this way.
3. Limit cycle preservation for the Van der Pol oscillator 3.1. The Van der Pol oscillator. The simple harmonic oscillator is a Hamiltonian system with H(
The Van der Pol oscillator is the conditionally linear system
which adds a nonlinear dissipation term proportional to the constant parameter (van der Pol [26] ). Due to its dynamical similarities with the more complex Hodgkin-Huxley model, the Van der Pol oscillator has played an important role in simplified models of neuronal spiking: specifically, it is the foundation for the Fitzhugh-Nagumo model [4, 20, 13] , of which it is a special case.
We begin by discussing the non-stiff case, when 1. If we transform into the "actionangle" coordinates (a, θ), defined by
When 1, we haveθ ≈ −1. Since a evolves much more slowly, one may obtain approximate dynamics by averaging over θ ∈ T := R/2πZ, i.e., over one period of oscillation. Observe that sin 2 θ and 4 cos 2 θ sin 2 θ = sin 2 (2θ) both have average 1 2 , so the averaged dynamics are given byȧ
. This has fixed points a = 0, 2. When < 0, the fixed point at a = 0 is stable and the one at a = 2 is unstable, whereas when > 0, the fixed point at a = 0 is unstable and the one at a = 2 is stable. In the (x 1 , x 2 )-plane, these equilibria correspond to a fixed point at the origin and a limit cycle given by the circle with radius 2 centered at the origin, and the bifurcation at = 0 is a Hopf bifurcation.
The stiff case, when 1, is most easily understood after performing the change of variables y 1 = x 1 , y 2 = x 1 − x 3 1 /3 − x 2 / , known as the Liénard transformation [14] . The system (3) then becomesẏ
The y 1 -nullcline (i.e., whereẏ 1 = 0) is given by the cubic y 2 = y 1 − y 3 1 /3. Since y 1 evolves much more quickly than y 2 , solutions are quickly attracted to the cubic nullcline. They then move slowly along the nullcline until they reach an extremum, at which point they fall off the nullcline and quickly jump horizontally to the other branch of the nullcline. This repeats periodically, describing the attractive limit cycle of the stiff Van der Pol oscillator.
Reference solutions for the Van der Pol oscillator, in both the non-stiff and stiff cases, are shown in Figure 1 . [7, Chapter XII]), we do so using backward error analysis. That is, we view a numerical method for the vector field f as formally the flow of a modified vector field f = f + hf [1] + h 2 f [2] + · · · . This modified vector field is calculated by writing the numerical method as x n+1 = x(t n + h), where x formally solves the initial value probleṁ x = f ( x), x(t n ) = x n , and matching terms in the Taylor expansion.
Remark 3.1. By "formally," we mean that x and f are formal power series, which may diverge. However, this formal procedure may be interpreted rigorously by truncating the asymptotic expansions and proving suitable error estimates; see Hairer et al. [ 
To calculate the modified vector field f , we write the modified systeṁ
Taylor expanding the first component gives
Likewise, for the second component,
Matching terms with the expressions for x n+1 implies f
Euler's method is formally the flow of the modified system (4)˙
Transforming into action-angle coordinates and averaging over one period of oscillation, as in Section 3.1, gives˙
This has an equilibrium at a = 2(1 + h/ ), so the corresponding limit cycle in the (x 1 , x 2 )-plane is a circle of radius 2 1 + h/ centered at the origin. This gives a poor approximation of the true limit cycle, which has radius 2, unless h . As noted in Section 1, this step size requirement is even more restrictive than that needed for numerical stability. The foregoing argument appears in Hairer and Lubich [5] and in Hairer et al. [7, Chapter XII] .
We next show that all Euler-type methods, including the exponential Euler and SI Euler methods, share this poor limit cycle behavior. Proposition 3.2. For any Euler-type method applied to the Van der Pol oscillator, the modified vector field is given by (4). Consequently, numerical solutions have a limit cycle with approximate radius 2 1 + h/ for 1.
Proof. Since a 1 = 0, the first component of any Euler-type method agrees with Euler's method, i.e., x
For the second component, using r 2 (z) = 1 + z + O(z 2 ) and r 2 (z) − 1 /z = 1 + O(z), we have
Hence, f [1] for an Euler-type method only differs from that for Euler's method by O( ), which becomes O( h) in the modified vector field. However, this is just absorbed by the error term in (4).
3.2.2.
Splitting and composition methods. We next examine the limit cycle behavior of splitting and composition methods for the Van der Pol oscillator. Instead of explicitly computing the modified vector field, we exploit the fact that the modified vector field is Hamiltonian when = 0. This is an application of a general argument for perturbed Hamiltonian systems due to Stoffer [22] , Hairer and Lubich [5] . We remark that those authors were primarily considering symplectic integrators, such as symplectic (partitioned) Runge-Kutta methods, which are symplectic when applied to any Hamiltonian system. Although the splitting and composition methods we consider are not symplectic in this more general sense-they are generally non-symplectic for non-separable Hamiltonian systemsthe argument only requires that the modified vector field be Hamiltonian when = 0, which it is in this case. When = 0, the Van der Pol oscillator reduces to the simple harmonic oscillator. In this case, the splitting f = f (1) + f (2) corresponds to the Hamiltonian splitting H = H (1) + H (2) , i.e., f (i) is the Hamiltonian vector field for H (i) (x) = h , so for the simple harmonic oscillator, every composition method is just a splitting method.
Since vector fields form a Lie algebra with the Jacobi-Lie bracket, the modified vector field f for the non-symmetric splitting method ϕ
h may be computed by applying the Baker-Campbell-Hausdorff formula to the vector fields f (1) , f (2) . Moreover, since Hamiltonian vector fields are closed with respect to the Jacobi-Lie bracket (i.e., they form a Lie subalgebra), f = f + hf [1] + · · · is formally the Hamiltonian vector field of a modified Hamiltonian H = H + hH [1] + · · · . In fact, the modified Hamiltonian can itself be computed using the Baker-Campbell-Hausdorff formula, by applying it to H (1) , H (2) with the Poisson bracket; this works because the Lie algebra of Hamiltonian vector fields with the Jacobi-Lie bracket is isomorphic to that of Hamiltonian functions with the Poisson bracket.
This approach is due to Yoshida [28] , and it may be generalized to show that any Hamiltonian splitting method, including symmetric and higher-order splittings, has a modified vector field that is again Hamiltonian. Moreover, when the splitting method has order p, we have f = f + O(h p ) and thus
Proposition 3.3. Suppose we apply an order-p composition method, based on the splitting f = f (1) + f (2) , to the Van der Pol oscillator. Then numerical solutions have a limit cycle with approximate radius 2 + O(h p ) for 1. More generally, for sufficiently small (but not necessarily 1), the numerical limit cycle is within O(h p ) of the exact limit cycle.
Proof. Since the method has order p, it is formally the flow of the modified systeṁ
When = 0, this is formally the flow of a modified Hamiltonian H(x 1 , x 2 ) = 1 2 (x 2 1 +x 2 2 )+O(h p ). Now, transforming into action-angle variables giveṡ
Since the transformation (x 1 , x 2 ) → (a, θ) is symplectic, it follows that the transformed flow is also Hamiltonian when = 0, with H(a, θ) = a + O(h p ). Now, this modified Hamiltonian flow contains all the terms not involving , so we may write˙
However, T (∂ H/∂ θ) d θ = 0, so the terms not involving drop out when averaging over θ ∈ T. This leaves the averaged dynamicṡ which has an equilibrium at a = 2 + O(h p ), corresponding to a limit cycle with radius
Finally, the more general statement that the limit cycle is preserved up to O(h p ) follows from an argument of Stoffer [22] , Hairer and Lubich [5] (see also Hairer et al. [7, Theorem XII.5.2]), which accounts for the averaging approximation error when is sufficiently small but not necessarily 1.
Corollary 3.4. Consider the non-symmetric and symmetric composition methods of Section 2.3 applied to the Van der Pol oscillator. For sufficiently small, the non-symmetric methods preserve the limit cycle up to O(h), while the symmetric methods preserve it up to O(h 2 ). In particular, when 1, the radius of the numerical limit cycle is 2 + O(h) for the non-symmetric methods and 2 + O(h 2 ) for the symmetric methods.
These results say that splitting/composition methods accurately preserve the limit cycle of the Van der Pol oscillator when h 1. This allows for much larger step sizes than Euler-type methods, which require h .
Numerical experiments.
In this section, we show the results of numerical experiments for both Euler-type and splitting/composition methods applied to the Van der Pol oscillator. In the non-stiff case, we observe superior numerical limit cycle preservation for the splitting/composition methods, compared to the Euler-type methods, which is consistent with the theoretical results of the previous section. In the stiff case, we also observe superior limit cycle preservation for the splitting/composition methods, although we do not yet have a theoretical explanation for this. Figure 2 shows phase portraits for three Euler-type methods (Euler, exponential Euler, and SI Euler) and four splitting/composition methods (Lie-Trotter splitting, symplectic Euler, Strang splitting, and Störmer/Verlet), applied to the Van der Pol oscillator with = 0.05. For the Euler-type methods, the numerical limit cycle radius is seen to grow with h/ , which is consistent with Proposition 3.2. By contrast, for the non-symmetric and symmetric splitting and composition methods, there is no apparent growth in limit cycle radius-even when h = 0.5, for which h/ = 10-which is consistent with Corollary 3.4. Notice that the asymmetry and lower order of the Lie-Trotter splitting and symplectic Euler methods manifests as a skewing of the limit cycle for large h, while the limit cycle remains approximately circular for the symmetric methods. Figure 3 illustrates how the average limit cycle radius converges, for each of these methods, as h → 0. For the Euler-type methods, following Proposition 3.2, the error in average limit cycle radius is ∼ h/ . For the splitting and composition methods, following Corollary 3.4, the error is O(h) for the non-symmetric methods and O(h 2 ) for the symmetric methods.
Stiff Van der Pol oscillator.
We next apply these methods to the Van der Pol oscillator with = 50. In contrast with the non-stiff case, we see notably different behavior among the three Euler-type methods, as well as between the splitting and composition methods of the same order. Figure 4 shows numerical phase plots in the (y 1 , y 2 ) plane defined by the Liénard transformation introduced in Section 3.1. For h = 0.0001, all methods show numerical limit cycles resembling the reference solution in Figure 1 , with solutions "jumping" between branches of the cubic nullcline approximately horizontally at the critical values y 2 = ±2/3. For the Euler-type methods, rather than remaining approximately horizontal as h grows, these jumps grow in the direction of increasing |y 2 |, resulting in instability for Euler's method at h = 0.01 and severe limit cycle distortion for the exponential Euler and SI Euler methods. The symplectic Euler method exhibits similar behavior, albeit less severely. Although the Lie-Trotter splitting method also shows limit cycle distortion, the jumps oscillate and return Table 1 . Values of |y 1 |, |y 2 | at which numerical solutions return to the cubic nullcline after jumping, for the Van der Pol oscillator with = 50. These values increase with h for the Euler-type methods, increase more modestly for the symplectic Euler method, and decrease slightly for the Störmer/Verlet method. The Lie-Trotter and Strang splitting methods exhibit no drift in these values at the level of precision shown.
to the nullcline at nearly the correct points. Störmer/Verlet exhibits much better limit cycle preservation, although |y 2 | actually decreases slightly during jumps. The Strang splitting method, like Lie-Trotter, appears to oscillate and return to the nullcline at nearly the correct point. Table 1 . t) for the Van der Pol oscillator with = 50. As the time step size grows, Euler's method becomes unstable, and the stable Euler-type methods exhibit a severe decrease in spike frequency and increase in spike amplitude. This frequency and amplitude drift is less severe for the composition methods (especially Störmer/Verlet), while the splitting methods show no apparent drift in spiking behavior at all. and symplectic Euler methods, these values increase as h increases, while Störmer/Verlet shows a small decrease. By contrast, the two splitting methods do not show any drift at the precision displayed. Figure 5 shows time plots for these same numerical solutions. As h increases, the Euler-type methods show severely decreased spike frequency and increased spike amplitude. Symplectic Euler exhibits this same behavior less severely, while Störmer/Verlet exhibits a slight increase in spike frequency. By contrast, the Lie-Trotter and Strang splitting methods have no apparent change in spike frequency or amplitude.
This behavior is explained by the preceding observations about the points at which jumps return to the nullcline. For the stiff Van der Pol oscillator, jumps occur quickly, so nearly all of the time is spent moving slowly along the nullcline. Numerical solutions that return to the nullcline at too-large values of |y 1 |, |y 2 | must spend more time moving along the nullcline between jumps, resulting in decreased spike frequency; this is the case for the Euler-type and symplectic Euler methods. Likewise, those which return at too-small values of |y 1 |, |y 2 | spend less time moving along the nullcline, resulting in increased spike frequency; this is the case for Störmer/Verlet. This also explains why the Lie-Trotter method preserves the correct spiking behavior, in spite of the limit cycle distortion observed in Figure 4 : this distortion occurs almost entirely during the jumps, where the solution spends very little time.
Limit cycle preservation for Hodgkin-Huxley neurons
4.1. The Hodgkin-Huxley model. Based on electrophysiology experiments, Hodgkin and Huxley [12] proposed a model, consisting of a nonlinear system of partial differential equations, to describe the dynamics of the membrane potential of the squid giant axon. If the membrane potential is assumed to be uniform in space along the axon, the Hodgkin-Huxley model reduces to a conditionally linear system of ODEs:
This describes how V , the voltage across a membrane with capacitance C, responds to an input current I. (In a neural network, I depends on the membrane voltage of neighboring neurons connected by synapses. Therefore, a network of Hodgkin-Huxley neurons is also conditionally linear.) The constantsḡ K ,ḡ Na ,ḡ L and E K , E Na , E L are, respectively, the conductances and reversal potentials for the potassium (K), sodium (Na), and leak (L) channels. The other dynamical variables, n, m, h, are dimensionless auxiliary quantities between 0 and 1, corresponding to potassium channel activation, sodium channel activation, and sodium channel inactivation; α n , α m , α h and β n , β m , β h are given rate functions of V . For the remainder of this section, we take units of mV for V and ms for t and consider model neurons with the parameters These rate functions agree with those in Hodgkin and Huxley [12] with a resting potential of −65 mV. Figure 6 shows a reference solution to (5), illustrating the bifurcation and limit cycle behavior that governs neuronal spiking, as discussed in Section 1. Since the limit cycle lies on a two-dimensional center manifold (Hassard [9] , Izhikevich [13] ), these dynamics can be portrayed by projecting to a two-dimensional phase plot in the (V, n) plane.
Application of numerical methods.
Since (5) is conditionally linear, the application of Euler-type methods is straightforward. The use of the exponential Euler method for Hodgkin-Huxley was proposed by Moore and Ramon [19] and has since been in widespread use in computational neuroscience, including as the default numerical integrator in the GENESIS software package (Bower and Beeman [2] ). Butera and McCarthy [3] showed that exponential Euler often gives larger errors than Euler's method for moderately large time steps where both methods are stable. Börgers and Nectow [1] considered the SI Euler method for Hodgkin-Huxley, in addition to exponential Euler. . An input current of 10 nA is switched on at t = 50, causing the neuron to begin firing periodically, and is switched off again at t = 150, causing it to return to a resting equilibrium. In the phase plane, the resting state corresponds to a fixed point, while the spiking state corresponds to a limit cycle. (The "outer loop" in the phase portrait traces the transition between resting and spiking, including the large initial spike when the current is first switched on.
In order to apply the splitting and composition methods of Section 2.3 to Hodgkin-Huxley, we begin by splitting the vector field f defining the right-hand side of (5) into
However, the vector fields f (n) , f (m) , and f (h) commute, since when V is held fixed, the variables n, m, h evolve independently. Taking
h for any exact or approximate flow Φ h , and we can evolve these flows in parallel (see Remark 2.9).
Therefore, in spite of the fact that (5) is four-dimensional, we can construct splitting and composition methods using only two flows. As before, we consider non-symmetric and symmetric splitting/composition methods:
to be the exact flows, the non-symmetric method is again the Lie-Trotter splitting method, and the symmetric method is the Strang splitting method. On the other hand, if we take Φ (V ) h to be Euler's method and Φ (n,m,h) h to be the backward Euler method, then we again refer to the resulting composition methods as symplectic Euler and Störmer/Verlet, respectively. We refer back to Example 2.10 and Example 2.11 for the explicit formulas for these methods.
As with the d = 2 symmetric splitting/composition methods, we may reuse the nonlinear function evaluation from Φ . Therefore, with the exception of the very first half-step of the symmetric method, both the nonsymmetric and symmetric splitting/composition methods require only one evaluation of each nonlinear function per step, just as for the Euler-type methods. , both of which correspond to the trapezoid method. If we ignore the half-steps, this can be seen as a staggered-grid method with V stored at integer time steps and (n, m, h) at half-integer time steps. This perspective, with V and (n, m, h) stored at staggered time steps and advanced using the trapezoid method, was suggested by Hines [10, Eq. 8] and later appeared in Mascagni and Sherman [15, p. 599-600] .
The Störmer/Verlet formulation above has the advantage of producing values of (V, n, m, h) all at integer time steps, rather than only at staggered time steps. A slightly different nonstaggered formulation of Hines' method was recently proposed by Hanke [8] , using Euler's method instead of backward Euler for Φ (n,m,h) h/2 . 4.3. Numerical experiments. Figure 7 and Figure 8 show the results of applying both Euler-type and splitting/composition methods to the Hodgkin-Huxley system (5), with the parameters and rate functions specified in Section 4.1, for a range of large time step sizes. (Euler's method and the symplectic Euler method both exhibited numerical instability at these time step sizes, so they do not appear in the figures.) The specific problem is the same one for which the reference solution appears in Figure 6 : the neuron is simulated for 200 ms, with a constant 10 nA input current switched on at t = 50 ms and switched off again at t = 150 ms. The neuron is initially at rest, begins spiking after the input current is switched on, and returns to rest after the input current is switched off.
As they did for the stiff Van der Pol oscillator in Section 3.3.2, the exponential Euler and SI Euler methods exhibit limit cycle distortion and decreased spiking frequency as h increases, and this is especially severe for the SI Euler method. For instance, notice that in the reference solution, the neuron fires 7 spikes in response to the input current. In Figure 8 the exponential Euler method fires 7 spikes at h = 0.1, 6 spikes at h = 0.4, and 5 spikes at h = 0.8, while the SI Euler method fires only 6 spikes at h = 0.1 and 5 spikes at h = 0.4, and its spiking behavior is essentially damped away at h = 0.8. Decreased spiking amplitude is also apparent, which corresponds to the limit cycle being compressed horizontally, as observed in Figure 7 . By contrast, the Lie-Trotter and Strang splitting methods both appear to do a better job at preserving the limit cycle, as well as spiking frequency and amplitude, as h increases. Both splitting methods fire 7 spikes at h = 0.1 and h = 0.4, and this decreases to 6 spikes at h = 0.8. Some decrease in spiking amplitude is apparentat h = 0.8, although at each step size there is less amplitude decay than for either the exponential Euler or SI Euler methods. Therefore, although some decrease in spiking frequency and amplitude occurs for the splitting methods, it appears to be notably less severe than for these other methods.
Finally, the Störmer/Verlet method-which, as we noted in Remark 4.1, can be seen as a non-staggered version of Hines' method [10] -becomes unstable as h increases. Although it exhibits the correct behavior (both in terms of spiking frequency and amplitude) at h = 0.1, the beginnings of instability are visible at h = 0.4 in the increase and oscillation in spiking amplitude, while the method has become unstable by h = 0.8.
These experiments suggest that the Lie-Trotter and Strang splitting methods can preserve the correct spiking behavior in Hodgkin-Huxley neurons for larger time steps than can the exponential Euler or SI Euler methods-and the SI Euler method performs especially poorly in this regard. Methods involving Euler steps, including Euler's method, symplectic Euler, and Störmer/Verlet, begin to suffer from numerical instability at these large time step sizes.
Conclusion
For conditionally linear systems, such as the Van der Pol oscillator and Hodgkin-Huxley model of neuronal dynamics, the exponential Euler and SI Euler methods remain stable at much larger time step sizes than the classical Euler method, with no additional computational cost per step. However, we have shown that these Euler-type methods preserve the limit cycles of these systems poorly as the time step size grows, producing oscillations with the wrong amplitude and/or frequency. (This adds to previous observations about the inaccuracy of exponential Euler with large time steps for the Hodgkin-Huxley model, cf. Butera and McCarthy [3] .) Since limit cycles underlie the dynamics of neuronal spiking, this is a serious problem for the use of Euler-type methods with large time steps.
By contrast, we have shown that splitting and composition methods exhibit better limit cycle preservation for these systems as time step size grows, with no additional cost per step. For the non-stiff Van der Pol oscillator, the (first-order, non-symmetric) Lie-Trotter splitting and symplectic Euler composition methods perform similarly, as do the (secondorder, symmetric) Strang splitting and Störmer/Verlet methods. However, for the stiff Van der Pol oscillator and Hodgkin-Huxley models, the splitting methods both do a better job of preserving the frequency and amplitude of oscillations, and maintaining numerical stability, than the corresponding composition methods. Of all the methods considered, the Strang splitting method exhibits the best performance across the spectrum of non-stiff and stiff systems. This method also has the advantage of being second-order, although its order is not the main reason for its superior performance; this is evinced by the fact that the first-order Lie-Trotter splitting method performs nearly as well and outperforms the Euler-type methods having the same order. The Strang splitting method ought to be seriously considered as a competitor to exponential Euler as the "standard" integration method for such problems.
Although we have focused on the performance of these integrators for individual HodgkinHuxley neurons, future work should look at the implementation and performance of the Strang splitting method for networks of neurons. For large networks, Section 2.4 lays out a hybrid Euler-type/splitting approach by which such a system could be partitioned for efficient parallel implementation. Another direction for future work involves exponential integrators based on local linearization, such as the exponential Rosenbrock-Euler method (cf. Hochbruck and Ostermann [11] ), rather than coordinate splitting.
